Like the graphs of other equations, the graph of an ellipse can be translated. If an

ellipse is translated h units horizontally and k units vertically, the center of the el-

lipse will be (h, k). This translation results in the standard form of the equation we
saw previously, with & replaced by (x — h) and y replaced by (y — k).

A GENERAL NOTE: STANDARD FORMS OF THE EQUATION
OF AN ELLIPSE WITH CENTER (H, K)

The standard form of the equation of an ellipse with center (h, k) and major
axis parallel to the x-axis is
— h\2 — 1.\2
@=h? = h? _

a? b? 1

where

e a>b

¢ the length of the major axis is 2a

* the coordinates of the vertices are (h *+ a, k)

e the length of the minor axis is 2b

e the coordinates of the co-vertices are (h, k  b)

* the coordinates of the foci are (h * ¢, k), where c =a’ - b2

The standard form of the equation of an ellipse with center (h, k) and major axis
parallel to the y-axis is
@-h?  y=k? _

b2 a? 1

where

e a>b

e the length of the major axis is 2a

* the coordinates of the vertices are (h, k £ a)
* the length of the minor axis is 2b

e the coordinates of the co-vertices are (h + b, k)




« the coordinates of the foci are (h, k * ¢), where ¢® = a® — b°.

Just as with ellipses centered at the origin, ellipses that are centered at a point
(h, k) have vertices, co-vertices, and foci that are related by the equation
02 = a2 - bz. We can use this relationship along with the midpoint and distance

formulas to find the equation of the ellipse in standard form when the vertices
and foci are given.
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Figure 7. (a) Horizontal ellipse with center (h, k) (b) Vertical ellipse with center (h, k)

HOW TO: GIVEN THE VERTICES AND FOCI OF AN ELLIPSE

NOT CENTERED AT THE ORIGIN, WRITE ITS EQUATION IN
STANDARD FORM.

1. Determine whether the major axis is parallel to the x— or y-axis.

1. If the y-coordinates of the given vertices and foci are the same,
then the major axis is parallel to the x-axis. Use the standard form
— 1H)2 — 1.\2
(@=h =k’ _
a? b? '
2. If the x-coordinates of the given vertices and foci are the same,

then the major axis is parallel to the y-axis. Use the standard form
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@=hP , y=h? _

02 = 1.

2. Identify the center of the ellipse (h, k) using the midpoint formula and the
given coordinates for the vertices.

3. Find a2 by solving for the length of the major axis, 2a, which is the dis-
tance between the given vertices.

4. Find ¢? using h and k, found in Step 2, along with the given coordinates
for the foci.

5. Solve for b2 using the equation ¢ = a® — b°.

6. Substitute the values for h, k, a?, and b? into the standard form of the
equation determined in Step 1.

EXAMPLE 2: WRITING THE EQUATION OF AN ELLIPSE
CENTERED AT A POINT OTHER THAN THE ORIGIN

What is the standard form equation of the ellipse that has vertices (=2, —8) and

(=2, 2) and foci (=2, =7) and (=2, 1)?

SOLUTION

The x-coordinates of the vertices and foci are the same, so the major axis is par-
allel to the y-axis. Thus, the equation of the ellipse will have the form
— 1)2 — 1.1\2
(@=h? Y-k’ _

b2 a2 1
First, we identify the center, (h, k). The center is halfway between the vertices,

(—2,—8) and (=2, 2). Applying the midpoint formula, we have:
(h, k) = (=52, -52)

= (_2’ _3)




Next, we find a2. The length of the major axis, 2a, is bounded by the vertices.
We solve for a by finding the distance between the y-coordinates of the
vertices.
2a=2-(-8)
2a =10
a=5
Soa? = 25.
Now we find ¢?. The foci are given by (h, k £ ¢). So, (h, k = ¢) = (-2, =7) and
(h, k + c) = (—2,1). We substitute k = —3 using either of these points to solve
for c.

k+ec=1
-3+c=1
c=4
So ¢ = 16.
Next, we solve for b2 using the equation c? =a%-b%
2=a? -1
16 = 25 - b?
b’ =9

Finally, we substitute the values found for h,k, a2, and b2 into the standard
form equation for an ellipse:
(+2)  (y+3)?
+ =1
9 25

TRY IT 2

What is the standard form equation of the ellipse that has vertices (=3, 3)

and (5, 3) and foci (1 - 2\3, 3) and (1 +2V3, 3)?

Solution
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