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Variables
X ,(s) Oil spring translation
X,(s) Table translation
X (s) Specimen translation
F.(s) Translational force applied to table via translational prime mover
Fy(s) Translational force applied to table via modal specimen
F,(s) Translational force applied to table spring/damper specimen
0,(s) Oil spring rotation
O, (s) Table rotation
T.(s) Rotational force applied to table via rotational prime mover
T,(s) Rotational force applied to table via modal specimen
T,(s) Rotational force applied to table via spring/damper specimen
X, (s) Table translation
M,,C,,K, Mass, damping, and spring constant of the translational prime mover
I,,C o> K o Inertia, damping, and spring constant of the rotational prime mover
Mg,Cs, K Mass, damping, and spring constant of the modal specimen

Cr, K, Damping and spring constant of the translational spring/damper specimen



5)

6)
7)

,K 0, Damping and spring constant of the rotational spring/damper specimen

Radius vector from table origin to table CG

Radius vector from table origin to horizontal prime mover
Radius vector from table origin to specimen CG

Radius vector from horizontal prime mover to table CG
Radius vector from specimen CG to table CG

Radius vector from spring/damper to table CG

Vertical distances are signed: positive is up, negative is down.
Horizontal distances are signed: positive is right, negative is left.
Clockwise rotation is positive.

Superscripts denote frame:

G Center of gravity (CG)

T Table origin

(blank) frame independent
Subscripts denote entity:

A Prime mover (actuator)

T Table

S Specimen

\Y Velocity

F Force

X1,Z7Z1,X2 Individual actuators
Radius vectors with dual subscripts have sign: r,, =7, —r, is positive if 7, > r,, negative if 7, <7.

Moment equations are developed with relative positions of table origin, table, CG and specimen CG as
shown in the diagram. If the relative positions are not as shown, for example if the specimen CG is
below the table CG, the moment arm radius vectors, because they are signed quantities, will correctly
reverse the signs of the moments.



Ultimately, the motion and force equations will be derived in terms of damping and natural frequency. The
following definitions will be utilized:

Damping ratios and natural frequencies in terms of mass, inertia, damping, and spring constants
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The analysis will start with the equations of motion at the CG, then transform them to the table origin. The
equations of motion at the CG are as follows:

Equations of motion at the CG

M s* X7 (s) = Fp(s) = Fy(s) = Fy(s)
I;;SZHT(S) = TTG(S)_TSG(S)_TRG(S)
M s* X ()= Fy(s)

where

Fp(9) =[CFs + K] (XS (9) = XF () = 7,6(0,(5) - 6,(5))]
Fy(s) =[C¥s+ K§ [ [X7 (9) = ri6r(9) - X{ ()]
Fy(s) = [Cgs + Kg] [Xg(s) - rRGeT(S)]
T8 () =|CE s+ K | 10,(5)~ 6,()]- i CEs + K] [X S (5) - xE (5)]
T§ (5) = 155 Fs ()
T ()= |C5 s+ K () = r s + K JXE (5)
Note: The 8,(s) term in the expression for F.(s) is not due to physical coupling, but rather due to coupling

inside the controller jacobian. See the section titled Physical System Force Equations at the end of this
document for a derivation of the force equation for F,(s) (and also 7, (s) ) above.

Motion at the CG

Using the Equations of motion at the CG, substitute the force equations into the motion equations:

Table translational:
M s> X7 () = Fp(s) = Fg(s) = Fp(s)

M, s*XE(s)=[Cls + KE - [X S (5) = XE(5) = 7,6(8,(5) ~ 6,())]
—es + kG- [XE(5) = 10, (5) - XS ()] - [COs + KE] [ X (5) = 100, ()]

M, X8 (s)=[Cos+ KC|X G (s) = [COs + K |XC (5) = 1,0 [Cos + KG9, (5) + 7,6 [CCs + KE 0, (s)
Slegs v kXS () 4 rglCls + Koo () +[CEs + KEIX T ()~ [COs + KE X () + riglCls + KS I, ()

_ [M,s? +(CC+CG+CS)s+(KS + K+ KG X (s)=[Cs+ KEXG(5) = r6|Cls + K S0, (s)
+ [(rAGCTG + ”SGCSG + rRGCICE;)y + (rAGKTG + rSGKg + rRGKI?)]eT(S) + [CSGS + KSG]XSG(S)




[M,s7 +(CE +CC +CS )+ (K +KE + KS xS (s)

- [(rAGCTG + ”SGC_? + rRGCg)g + (rAGKTG + rSGKg + rRGKg )]HT(S)
—legs + kS Ix S (s)

=[cos+ k2 xS () - rglcts + K7 (o)

M M

T T

(S2+CTG+C§;+C§S+KTG+K§+K,§7]X7{;(S)

G G G G G G
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T
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= MT S+MT ij(S)_rAG[]MT S+MT 6,(s)
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Table rotational:
185°0,(5) = T (5) = T (5) = TS (s)

1£5°0,(5) = [C5 s + K [ [0,(5) - 0, ()] rg[CEs + K] [x 5 (5) - X £ ()]
= _rGS[CSGS +KSG]' [XTG(S) — 15607 (9) _XS,G(S)]
- [nge s+K¢ b, () + rolCos + KEIXE(s)

195°0,(5) =|Cg s+ K5 P ()= |C5 s+ K r(5) = 16| Cls + KE XS () + O s + KE [ (s)

= _VGS[C.S"GS+K.g]XTG(S)+rSGrGS[CSGS+KSG]HT(S)+rGS[CgS+Kg]Xg(S)
—[Céjes+K%]QT(S)+rRG[CgS+Kg]Xf(S)

—rolCEs + KEIXE(9) = rglCls + KEIXE () g [Cis + KE X E (s)
ITGSZHT(S)+ C6C,;TS+Kec,;kT(S)+7‘SZG[C§;S+K§;]9T(S)+[CHGRS+K§R}9T(S)
= +rSG[CgS+Kg]X§;(S) (7o =—T56)
= —relCls+ KEJx 0 (s)
+ CgTs+KgT L, (5)

_[(FAGCTG +rSGCSG +rRGCI?)y+(rAGK7("; +rSGK§ +rRGK1§)]X7(";(S)
1857 + (g + 2,08 + € b+ (kG + K8 + K Jors)
= +rSG[CSGs+Ksc]XS0(s)
:_rAG[CgS-i_Kf]Xj(S)
+|Co s+ K5 P.(s)
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Specimen translational:
M s> X< (s) = Fy(s)
= MSSZXsc(S) = [Cgs + Ksc] [Xf(s) — 7560, (8) — Xsc(s)]
S M XS =85+ KE () - rglcts + K (o) -l + KO X s)
= [MSS2 + CSGS + KSG]Xg(s) = [CSGS + K?]Xf(s) - rSG[Cgs +K§]€T(s)

= -[cgs+ kG Ixf ()4 rolCos + kG () 4 [Mys? + Cls + KX (5) =0
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Motion matrix equation at the CG (in terms of physical parameters)

SX? (s) X9 (s) ay 4 dg b, b,
A7 | 50,(s) |=B} .[SGA(S)} , where Al =la, a, ay|, B/=|b, b,
sX g (s) 4 a; 43 dgy by, by,

G G G G G G
2+CT +C{ +Cy s+KT +K{ +K;

M, M,
G G G G G G
a4 =_ Pi6Cr +156Cs + 16 Cr g4 riKy + 1Ky + g KR
12 M, M,
c{ Ky
a, = =5 g4 s
M, M,
G G G G G G
a4 =— ri6Cr +156Cs + 16 Cr S_l_rAGKT + 156 K + g KR
21 = G G
Iy Iy
G 2 ~G G G 2 G G
2+C9 +r;Cg +C, +K9 +rK{ + K,
Ay, =S S
I7 I7
_ o [(CS K
a23 _rSG IG s+ [G
T T
CG KG
a, =—-| ——s+—3
M M
s KY
a32 _rSG S+
M M
CG G
Ay =85 +—5+—5
s s
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cy  Kj
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Motion matrix equation at the CG (in terms of physical parameters) (continued)

Solution of this matrix equation will yield transfer functions

[ sX© sx8 ]

() —=(s)

sX s0,
_ 0. 50

AG 1‘BG: s T T

(A7) BY =| ) g
sX sX§

| sXY (<) 50, (s)

that define motion at the CG

G G
X9 (5) =X ()5S (s) + XL (550, (5)
sX ] 50,
sO s6
50,(5) =~ OK5) +5 L (5)50,05)
sX¢ sX¢
KL= LGN+ (6150,05)

The motion at the table origin can be derived by applying the following transforms to the motion at the CG:

Table origin to CG transforms

X7 (8) = X7(8)+ 1760, (s)
Xj(s) =X§(S)+FTG9A(S)
X{(s)= X (s)

TTG(S) = TTT(S)_VTGFT(S)
TSG(S) = TST(S)_FTGFS(S)
TRG(S) = TRT(S)_VTGFR(S)

Rewrite the above equations in matrix format:

X7 | [1 5 O] | X7 (s)
6,(s) |=|10 1 0} &(s) |,
XI(s)| [0 0 1| [Xi(s)
X7 (s)
XG
AS-| 0,(s) =B§.{9A(S)}
X4 )
1 rg 0 4y
Al =A7:(0 1 0 a, a,
0 0 1 a,, a,,

|

Irg
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ay |0 1 0f=lay ay+rea, ay
as [0 0 1 Ay Gy T 1764y Ay



’
ay, = ay, T 1eay,
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MT
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M,

n (rTG +rGA)KTG +(rTG +rGS)K§ +(rTG +rGR)K1(?;

M,

r 2
A, =S +

G G G G G G
' 2 G+ G+ Gy reKy + 1K + 1 Ky
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M, M,
G G G G G G
' 2, TrCr 1 G + 1 G P Ky + 1 Ky + 1 K
= al, =—| r,s s+
M M,
T

! —
Ay = Ay +1pa,,

G 2 G G G 2 G G
Cy. +156C5 +Cy, Ky +r6Ks + Ky

ay,, =8 + IG S+ ]G
T T
=
7oCy + 1 CS + 1 Cr roKS+r KS +r KS
_ | Factr T Ts6ts Tt o TagBr TTsRs T Tp By
T T
G |, .2 G G G G G
, 2 CaT +756Cs +C9R _rTG(rAGCT +7156Cs +rRGCR>
a, =s"+ - s
1
T
=

G 2 G G G G G
KaT + 156K +K0R _rTG(rAGKT + 156 K +rRGKR)
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’ J—
asy = Ay + Ieay,

G G G G
K K
= al, =rSG[—Cs s+ — J—rm(—cs s+—SJ

M M M M
, cé K¢
= asy :(rSG _rTG)(M_SSS"'M_SSJ
, g Ky
= ad,, =\, +7 —_— 8+ —
3 (SG GT{MS M,
, Cy Ky
= (132 :rST —_— 5+ —
M M
b, b, b, by +reh,

1 ~» 1 =
Bing'{ TG}: b, b, .{O TIG:|: by, by, + by,

by, by, by, by, +rby,
b, = by, + ryeb,
G G G G
K K
= b, :—rAG[—CT s +— ]+rTG(—CT s+—T]
M, M, M, M,
cé K¢
= b, =—\r, —r L g4+ —L
12 (AG TG)(MT MTJ
cé K¢
= b, =—(r,. +r.. )| —s+—=L
12 (AG GT)[MT MT]
G G
K
= b, =-r; C—Ts+—T
M, M,

' J—
by, = by, +15b,,

by, = by, +175by, = by, + 1. -0=b,, (unchanged)



Motion matrix equation at the table origin (in terms of physical parameters)

T
sX7(5) SXT(S) a4, 4y b, b,
T T y T _ T _ .
A, | s0,(s) :BV.LQ (s)} where A, =|a, a, ayl|, B,=|b, b,]|:
T y
sX (s) a3 4y dsg by, by,
G G G G G G
4 —s2+CT +C{ +Cy s+KT +K{ +K;
11
M, M,
G G G G G G
_ 2, TurCr 1 G + 1, G P Ky + 1 Ky + 1 K
alz = VGTS + s+
M, M,
CG KG
a, = =5 g4 s
M, M,
G G G G G G
a4 =— ri6Cr +156Cs + 16 Cr S_l_rAGKT + 156 K + g KR
21 16 V&
T T
G 2 G G G G G
GO ArLCE + C =g CE 416 CY +0- 1, CF)
a, =s°+ - s
Iy
o y e o ( o o G) (see note below)
KgT + 1Ky +K0R =156 \ri Ky + 1Ky +0- 16Ky
+ ]G
T

M M
G G
K
a,, rST(—Ser—Sj
s M
G G
K
Ay =85 +—5+—5
s s
cé K¢
b,=—T1s+—L
M, M,
cS K¢
by =—ry| ——s+—=~
M, M,
cé K¢
CGGT _rTGrAGCTG KaGT _FTGrAGKTG
bzz = 76 s+ 76
T T
b31 :b32 =0

IMPORTANT NOTE: For reasons unknown, above equations are valid only when the specimen
spring/damper is connected to the table origin, 1.e. rp; = ry;.




Rewrite the motion matrix equation in terms of natural frequency and damping ratio:

Ki , KS Ky
MT MT MT

¢ LG G

a,==s
MT MT MT

T

M
=5+ 2§Twr+2§swsj+2CRwT s+ a);+w§M—S+co,§

T

T T

G G G G G K6

a., =—|r.s*+|r +r, —— 47 R \s+|r, — L 4r., ——+r R
12 — GT AT ST RT AT ST RT

T T T MT

T

2 s
TorS™ + rAT2§TwT+rST2§sa)sM + 1 28,0 | +

(

g K§
a,=—-—>s+—=
M, M,
M
__Mg 2
= -5 (2 g + 02
T
6 G G K© G K©
_ T s R T s R
ayy == | Tug 76 + 7 1% e 7o S| Tuc 76 7o —6 T e 76
T T T T T T
2 G 2 G 2 ~G 2 G 2 G 2 G
_ [t rcCr 1 rgCg 1 7 Cp 1 r K7 1 rgK 1 oKy
G G G G G G
Y Ir rso  Ar TzG T Y Ar rso 17 Yoo Ir
G G G G G G
Lo A g A e Al [ L p A 1 p ALy T AL
- T™T G SIS G R™™T IG T ]G S IG R ]G
e T T'sG T RG T UG T G T TrG T
CHG 7200 Cg G G G
a, =s’ L S¢S R\ r—tr,. ——tr,. -2 ||s
22 ]G [G ]G G| "AG ]G SG IG RG IG
T T T T T T
G G
or rSZGKSG KHR f SG Kg
—F | F + 7 +7
]G IG IG TG AG G SG G RG IG
T T T T T T
c° 2 06 c° 2 06 2 06 2 06
_ 2 or | TsgLs Or "t TagCr | Tr6 TscbCs | Tic TroLr
-7 I° 1° 1°¢ A 1°¢ T 1°¢ +_I—G g
T T T Ty T e T TrG T
G 2 K6 G 2 g6 2 K6 2 g6
Or | Tsglbhs % | Tt TuchBir " I TsgBhs | T Trelhr
G G G G G G
1; 1; 1; Yo Ir ro  Ar T A7
G G G G
r Al r Al r
_ o2 N TG T TG N TG R
=5 + Zé/arwaT"'zé’sa)s 76 +2C;9R o, — 28,0, 76 - 2005 ——— 28,0, 1% s
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N 2B | 2 _Te 2 AT g o ALy g o Al
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cS K¢
Ay =8 +—5+—3
MS MS

=5’ +2{ 045 + 0f

G
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=- LA
I I
Ty T T
1 Al7 2 AI7
=—— 20,0, S+ —¢
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Motion matrix equation at the table origin (in terms of natural frequency and damping ratio)

SXTT (s) r a4, 4y b, b,
T sX 4 (s) T T
A} | s6,.(s) $0.(s) , where A, =|a, a, ay|, B,=|b, by,|:
sX ST (s) 8 a3 4y dy by by,

M M
a,, =5 +|2{,0, +2{ g0, —5+ 28 0, |5 +| 0] + @ — + w;
MT MT

M M
_ 2 S 2 2 s 2
a,, = —(rGTs + (rAT2g“Ta)T + rg; 28 g _M + 12 28 o 0p IS +| 7 0 + Fgr 0 _M + For @
T T

M
a; = _M_i(zgswss + a’;)
lAIGlAIGlAIGlAIGlAIGIAIG
a) =- (_2§T @ —2f 5wy +_2§RCOT_GR S+ _a)% (;T +_w§ (f"'_a)}ze GR
Ty ]T T'sG IT TrG I; e 1; T'sG Iy TrG I;
AIC r AIG 7, AIS 7 AI¢
a22=S2+(2§9Ta’9T+2§sws_cf+2§9Rw9T_L62§Ta)T G Tczgs Qg ;—0 280, cf
I; Ty Iy TsG I; TrG I;
G G G G
+(a)9 +a)SAI(J§ +w, —G—Gwi Mg —rT—Ga)éAIGS —O-I/T—Ga),ze MGRJ
Iy L I; T'sG 1; TrG I;
(see note below regarding a,, )
1AL
ay = (2§swss + ws)
e T
as = _(2§Sa)SS + a)é)

Ay, =Tyr (2§Sa)SS + a’sz‘)
Ay = st + 28 qwgs + coé
b, =2{,0.5 + @)

by, =—ry <2§Ta)TS + w%)

1 AIY
by =——— (Zé/ra)rs"'a)r)
e IT
AIS , P o, AIS
b,, :(zé/eTa’e __2C:T IﬁT JS‘F(C%T _ia’r I?T
b31:b32 =0
AITG:rAZGjMT Mg:rsszs AII? =rRZGMT

Note: If r,, =0, r,; =0, or r,; =0, set terms multiplied by 1/7,., or 1/ry, or 1/r, to zero, respectively.

IMPORTANT NOTE: For reasons unknown, above equations are valid only when the specimen
spring/damper is connected to the table origin, i.e. 7y, = 7.




Force at the CG
Find the force transfer functions

£y

(s) Z (s)

(s) S’%SA(s)

that define force at the CG

Fy(s) =1z (s)st<s)+ T (5)50,(5)
sX A

19(s) =12 ()X () TG (5)50,(5)
SXA A

Fy() = (5)sX

A

in terms of velocity transfer functions computed previously

SXTG (s) st (S)

SHT 20 T(s)

SXS () SXS (s)
S

by substituting the following motion equations into the force equations:

G
sX;

X7 ()=""5()X{(s )+ . (S)6’ (s)

A

O (s )— o (S)XG(S)+ o (S)QA(S)

A

G
SXS

X{(s)= ( )X (s )+ Xy (S)¢9 (5)

Table translational:
F(s)=[C8s + KE] [X5(5) = XE () = r,(0,(5) ~ 6,(9))]

= Fy(s)=|Cls+ KZ| [XG(5) = X (5) = r,0,(5) + F,0,(s))



X9(s) (jﬁ( X()+* Xy )0, (s>]
= F(s)=[cfs+ K¢

—1,60,(s) + I”AG(::X—TG(S)XE(S) + 20: (S)QA(S)j_

A

G G I SXTG T Grey XTG _ 0,
= F(s)= [CTS+KT ]'_(1— ¥© () +r j(S)JXA (s) (S 0 (S)+VAG(1 (S)j]é’A(S)}

FT(S){E(C;;HK]?) ( Sy L (s)+ SXZ (S)HSXE (s)

A

{_l(CTGS'FKTG) (SXTG (S)+rAG[ Or (S)jJ:lseA(S)
s 50,

Fi(s) = &M s+ }) (1 5y ;(ius)ﬂsxf 0

A

=
G

+ |:_1MT(2§T0)TS + a’%) (SXT (s)+ rAG( 50 (S)]J]SHA(S)
s s6

A

Table rotational:

T () =|CS s+ KG [ 10,(5) = 0, ()] - o CEs + K] [X S (5) - XE ()]

re(s)=lcg s+ kg | {fa (5) - (;‘? (X5 g (s)@(s)ﬂ

= G
sX
-ralcts e ko[22

()X (s )+ Ay (8)6’ (S)ﬂ

A

1 sX¢ s6
T7 ()=~ | rio (Cos+KE). [1 - SX% (s)j + (ch s+KJ ). s)(% (s)}sxj(s)
= _

sX¢ 56
+— rAG(CferKf)' QT (S)+(C§TS+K§T)(1—SHT (S)HSQA(S)

s| 50, ’

1] sX¢
TS (s) = - roM, (2§Ta)Ts + a)T) (1 - SXT

= _

1 sX? s6
| i, (26, 0,5 + 0} )- j(s) + 19 (2§9T0)9TS + oy ) ( - i(s)ﬂsa, (s)

(S)J+I (249 @, s+a)g ) S/gTG (s)}st(s)
SA 4

A




Specimen translational:

Fy(s)=|CCs+ KC |- [XE (5)— ry,(s) — XE ()]

(gc()x (5)+2 T(s)e (s)J
= Fy(s)=[cs+ k6] |- (57 (5)X(s)+ j 00 <s)J
_ [Si ()5 (5)+ S(s)e (s>j
(SXT (5) =10 < )—SXS <s>JX§<s>
= F@=leise k7 -
{SXT ()~ g T( )+SXS <s>]e (5)
s,
Fs(s){%(cgﬁz(g).(gi (s) — reg XG() SXZ( )J:|SX (s)
= G G
{%(CEHKS) (S); (5)— 7y :(s>+ fg (s)ﬂs@(s)
Fs(s>=[§MS(2éswss+w§)-(j§§ (5) 75 XG< )—jf; (s)ﬂsXG(s)
= G
{%Ms(zéswssmé)'[f;: (s)—rm%m)ﬁ);j (s>ﬂse/1(s>



Force matrix equation at the CG

F(s) G Su Jo
7%(s) | = F° .[SX A (S)}, where F°=|f, f,
FS(S) $04(5) f31 f32

In terms of physical parameters:

F 1 sX¢
o= =Ltk 1=

(5)+ g o (s)}

A
G

fr = T(s)—— (ch+KG) {f; <s>+rAG[ T()H

(s)—— |:rAG(CGS+KG)( Xy (S)J rlcgs+xo) S)?Q (s)}
T T/ sX

fo %() =§[rm(cfs+z<f)- fjgf <s>+(caf;s+f<é;)-[ s >ﬂ

S =

fo =) = (CG +KG)[SXT (5)— e G()—SXW)}
sX sX
_ I _l G G Squ 0, SXSG
Jzz—sgA(s>—S(Css+Ks)L9A ()~ reg 0A(S) - <)}

In terms of natural frequency and damping ratio:

F 1 sXy 50
fi = sXTf (s) :;MT(2§’Ta)Ts+a)§)-{l— SX% (8)+ 7, ﬁ(s)}
F, 1 sX{
fo=— (S):__MT(zé/Ta)TS+a)72")'|: . (S)+FAG[ O (S)ﬂ
S@A s 50,
sXY 50
fu= [rAG T(zgwfsm%)-[l o )JHG(MH s+, ) S <s)}
TG 1 SXG S@
- (S):—|:FAGMT(2§T0)TS+H)%)' u (s)+1f(2§l9 w, s+ o, )-{1— d (s)ﬂ
50, s 50, oo r 50,

_ F _l 2). ﬁ - —SXg
fa = X0 (s) = SMS(Zé/Sa)SS-i_a)S) LXG (s) rSG (S) (S)}

A

};S (S):lMS(zé’swsS"'a);)'{SXTG (S)—T’SG T( )+SXSG( ):|
s 0

y §0,

S =




Force at the table origin

Find the force transfer functions

FT FT
SXE () 50, )

T
()
N

Ls Fs
X7 ()~ 0. (s)

that define force at the table origin

FT(S)_SX (s)sX (S)+ (S)S9 (s)
TTT(S)— X7 (S)SXT(S)+ TT (5)50,(s)
Fs(s) =+ );T (5)sX; (5) +j(S)S9A (5)

in terms of velocity transfer functions computed previously

SXTT (s) st (S)

S@(> Tu>
S

sX § ( ) sX § (S)

by substituting the following motion equations into the force equations:

X()— T()X()Jr T(S)H(S)

9@—M3®X<HVT@9@

T
SXS

Xs(s)= ( )X (s )+ X (S)49 (5)



Table translational:

Because the force equation at the table origin is similar in form to that at the CG, the result of the previous
section on force at the CG can be used directly, with the following substitutions:

Superscript “G” = Superscript “T”  (except damping and spring constants)
e = Fyr
1( G sX ] s6 T
F.(s)= {; (CT s+ K7 ) (1 - SX% (8)+7, ﬁ(s)ﬂs)(/{ (s)

T

+ {_%(CTGS + K?) (i);T (s)+ rAT( _%(5‘)]]}5‘9/1(5)

A

T

Fy(s) = &Mr(zgrwrs +a}) (1 SO inMs)ﬂin (s)

A A

: z: (s>]]]seu(s>

Because the force equation at the table origin is similar in form to that at the CG, the result of the previous
section on force at the CG can be used directly, with the following substitutions:

T

|:_1MT (2§Ta)TS + a’%) (SXT (s)+ rAT(l -
s 56

A

Table rotational:

Superscript “G” = Superscript “T”  (except damping and spring constants)
e = Fyr
s = g - -ri s
KC KC ( 2 2 )KG
or = 0 Fag = Var )y
I sX T
|ra(CEs kT -(1—5 L )j
T (9= ! RO
s
tles - i - ries b e ks - i i ke S o)
L A
i D¢
rAT(CTGs+Kf)~ L (s)
1 50,
+— 9 56,(s)
s s
s e b g~ e} 12020
L A




[(CG (rAG ’”AT)C )X KG A2 )J
G
T
G
T

(24’ w, -2, s+17 ( ) NTG}Jrr (2§a)s+a)2)
0. 9 TYT (9 T G AT T T™T T
T

rAT

G G
Al
= { I (2% @, —2470; ; GT ] M (28 ,0,) s+ 18 ®, —o; o = ] +r,M,0;
T T

sXT
rATMT(chwTS+w$)'(1_ TT(S)J
sX
_ ) AL 2 _
I; (2§9Ta)0r —-2¢,0; IGT j-’_rATMT(zé/Ta)T) S
T
J’_ .

Al
+If(a)§r - o] ;

G

T

- ]+rATM a)T
T

T/ (s)=—— sX ()

sO
Xz (s)

T

sX
rATMT(zé/Ta)TS + 60%) SQT (s)
4

N _
2 _j + roMT (2§Ta)T )js

G

T
G
T

(IEKZé/HngT -2¢; 50,(s)

AIS

G 2 2 T
+1; (%T —0; —¢
T

s

] +7.M,0;

Specimen translational:

Because the force equation at the table origin is similar in form to that at the CG, the result of the previous
section on force at the CG can be used directly, with the following substitutions:

=
=

Superscript “G” Superscript “T”  (except damping and spring constants)

TsG Fsr

Fi(s) = {%

{1
+ J—
)

T
(cts o x5 2

A

Fo(s) = {%Ms(zgswss"'a’;)'(z;(_i(s)

+{1MS(2§Sa)SS+a)§) [ sX;
s

SOy

(C§s+1<§)-[§—§<s)—rsr = (5)

(8)—rg——

C(8) —rg ——

A

SA 5

59 (5)+
eA

SXT
rST XT( ) 2

SO (5)+
56,

- SXST (s)ﬂsx (s)

); (s>ﬂs9A (s)

S (s )ﬂsx/f (s)
SS); (s)ﬂs@ (s)



Force matrix equation at the table origin

F(s) T o o
77 (s)|= F" -{SXA (S)}, where F' =| £, fu,
F(s) $04(5) S Jx

In terms of physical parameters:

fo =z (s>=1(C$s+KTG)~(1—SXTT ($)+7r HTT <S)j
s X} X

T
sX sX

f= 1 a9 (ch+KG) [fg <s>+m( —%@)D

A

1 rAT(C;;S+KTG) [ SXTT( )j

o () =1
Nlles -6 —rjr)cf)H(K;i (e it 2
p TTT . | rAT(CTGS""KTG)'i);f ()
n=",)="
O ’ +[(CgT _(er _er)CTG)S+(KgT _(er _rAZT)K;;)]'(l_ EZT (S)J

S =
S y
Jo = s (S)——(CGS+KG) (S);; () =g QT () + SXST( )J

56 50,

Fy (s)=1(c§s+1<§)-(“—§<s)—rg (s )—SXS (s >j
Ky sX

In terms of natural frequency and damping ratio:

F 1 sXI sO
fii=—1(s)=—M (2é'a)s+a)2)-(l——T(s)+r —T(s)j
11 T s T T T SXT AT SX;

sX 4

1 :i(s) = —EMT(zg“Ta)Ts+a)§)-[%(s)+rﬂ(l—%(s)}]

50, 4 4

raM, 20 0,5+ 02) |1 ( X TT( )J

TTT 1 I G A]ZC'; 2 ]
fo = < (s)= —; 1] 2§9T609T -2{,0; ]_G + rATMT(ngwT) S
y T

A]G
G 2 2 T
+1; (a)gT — o I

T

}"' roMTw?




Force matrix equation at the table origin (continued)

sXT
rATMT(zé/Ta)TS + a)%) SHT (s)
4

T
= —-=I(5)=—
S SHA() p

50,

! (1?(246 @, —2¢r0; N_5j+roMT(2§TwT)JS
T T IT ( _&(S)J

+
Al7
G 2 2 T 2 2
+17 (a)HT - ; N + 1M w;
T

T

F 1 sX sO sXT
() = M (25 + wé)-[sX—;(w —ry () = <s)]
A A

S = SXi y
F 1 sX T 50 sX!
S = > (s) :_MS(ngwSS+w§)' - (S)_FST_T(S)-F =(s)
50, S 50, s0, s0,




Reduced order system: Single translational DOF

Set all radius vectors ( 7y, #yy» Frg» Fag» Fsg » Frg ) @nd rotational terms (8,.(s), T, (s)) to zero:

Motion matrix equation (single translational DOF)
sX (s sX (s a, a b
AV . T( ) — BV |: A( ):|, where AV — 11 12 , BV — 1 .
sX5(s) 0 dy Ay b,

M M
a, =5 +2[§Ta)T +§Sa)SM—j+g”Ra)Tjs+(a)§ +a)§M—S+a)§j

T

ay = _%(Zé/sa)ss + a’é)

T
a = _(2§Swss + a)é)
a,, = st + 2¢ saogs + a)é
2
b =20, 0.5+ w;
b,=0

Force matrix equation (single translational DOF)
{FT (S)} =F¢ {SXA (S)} , where F¢ = {fl } :
Fy(s) 0 /s

F, sX, (s)
sX ,
£y

1 )
fl:sX (s)ngT<2§TmTS+wT)'|:1_
B _l 7). sX _SXS
fi=y (s)—SMS(24swss+ws) {—SXA (s) (s)}

4
4 sX

For analysis of single translation DOF systems, it is useful to solve these matrix equations for the table

sX; F,

velocity transfer function (s) , specimen velocity transfer function

(s), table force transfer function
y SA 4
F,

= OF
A

sX . .
5 (s), and specimen force transfer function
sX sX

1 {azz _a12j|.|:b1:| {azz }b
_| 9% a12:| |:b1}: —dy 4y 0 __ [T 1

a; |y, — 4y, a;ay — a4y,

sX
sX ,

sX -
()
sX ,

(s)




. . . X
Find the table velocity transfer function SX—T(S) :
SA 4

SXT( )= a,b,

x, "

SA 4 a1 dy —a;pdy,
sX,

The numerator of

% (s) is:

A
a,,b, = (s2 +24 s + 0 X2§Ta)Ts + a)i)
(s2 +28 g5 + 0 ) 28,0, +
=
(s2 +26 w48 + w; ) w;
3 2 2 2.2 2 2 2
= 28,08 + 280,28 s035” + 28 0,058 + 0; ST + 028 (0058 + @ 0

= 2§Ta)TS3 + (a)i + 2§Ta)T2§Sa)S)92 + (2é/Ta)Ta)§ + 2§Sa)Sa)72")S + wga)é

The denominator of the on-diagonal product is:

T T

M M
a,a, = {sz + (24@ + 24 0, VS + 2§Ra)T]s + (a)f + w; VS + coé)} 2+ 2o + o

M M
§*+| 28,0, + 28 g0, —5+ 28 400, |s+| 0 + @0 —>+wp |57+
MT MT

M M
= 15" +| 28,0, + 28 0, —3 + 28 0, s +| F + @) —3+ @) |- 2L qogs +
TT SHS R™T T R S¥S
MT MT

M M
s*+| 28,0, + 28 g0, —+ 28 40, s +| 0] + @0 —+ 0} |+ 0F
MT MT

M M
s +(2§Ta)r +2¢ oy M_S+2§RCOTJS3 +(a}§ + w; M—S+ a),ze]sz +

T T

M M
= 2L s’ + (ZQ”Ta)T +24 s M—S +2¢ 0, J%’Sa)ssz + (a)ﬁ + w; M_S + o, j2§sa)ss +

T T

M M
s’ +| 28,0, + 28 g0y —5+ 28 0, |wis+| 0] + 0 —+ w;, |o;
MT MT



T

+| 28,0, + 24 0 % + 2,0, js3 + ZQVSCx)SS3

M M
=+ a)%+a)§M—S+a)§ st + ZCTwT+2§Sa)SM—S+2§Ra)T 28 swes” + wis®
T T

M M
+| @ + 0: =2+ wp R ogs +| 28,0, + 28 0, —+2¢ 0, |@is
MT MT
M
+ a)ﬁJra);—S +w; w;
MT

The denominator of the off-diagonal product is:

a)dy = _[_ %J(zgswss + a)f) (2§SCOSS + Co;)
T

s (o s R + 0 4 02 )

T

M
= M—S(2§Sa)s2§Sa)Ss2 +20: 28 ¢S + a)éa);)
T

Combining the denominator on- and off-diagonal terms:

4
S

M
+| 28,0, + 24 s M—S + 2§Ra)Tjs3 +24 o’

T

M M M
+| @) + w; M—S + o, |s* + (ZQ”Ta)T +2£ o M—S +2¢ 0, j2§sa)ss2 +wis’ —2¢ o M—S2é’sa)ss2
T T T

M M M
+| @) + 0 =S+ 0, 205 +| 28,0, + 28 0, —3-+2( y0, |@%s — 4 0, — wis
MT MT MT
M M
+| @) + 0 =+ 0, |o; - vi0; —>
MT T

4
S

+ (2@’76% + 24 wg + 28 0 %+ 2§Ra)Tjs3

T

= + (a); +; + 0! % +w; Jsz + (28,0, + 28,0, 28 s0g5” + (ZQCOS %243603 -2 o %2@3@5 Js2

T T T
M M M
+2§Sa’s(a)§ + a)ﬁ)y + (Zé/Ta)T +2§Ra)T)a).52‘S + (2§sa’s _Sa’_sz* + 280 _Sa); — 4L 0y —Sa)éjs
M, M, M,
M M
+ (@} + @} Jo? +[M 5 0l j

M, M,

T



M
+| 24,0, +2§SCOS( MSJ+2§RCOTJS3
T

= J{a) + o} J+ w; +(2¢, 0, +2§R0)T)2§Sa)5}s2
+

2§Sa)s(a)r + a)R) (2§T0)T +28 0, )w§)9

+ (@ + 0} Joo?

. . M :
Defining mass ratio M =1+ —=, the denominator becomes
T

st + (2§Ta)T + 2§Sa)51\7+ 2§Ra)r)s3 + (a)i + w§M+ a)fa + (2§Ta)T + 24,0, )2§Sa)s)s2
+ 2,050} + 0})+ 24 0, + 2830, )k s + (@] + 0} Jo}

Thus the table velocity transfer function for a single translation DOF is:

1 ()= 26,0,5° + (07 + 26,0260, ) + (26, 0,0; + 20 0,07 )5 + 0y
SXA S4 * (2§TCOT + 2§SwSM+ 2§Ra)T)S3 + (wi + CO;M + w]ﬁ (241'0)7“ + 2§RCUT )2§Sa)S)92

+(2§Sa)s(a)§+a)) (2¢,0, +28 0, )0 )s (a) +a))a>

F, 1 ) sX
$)=—M,2¢, 0,5 + @y )| 1 ——L(s
A ©= M0 T)[ SX/{()}

The numerator of 1 - Xy (s) is:
A

'+ (20,0, + 2000 + 240, )5 + (@2 + 02 M + 0} + (28,0, + 28 40, 2L s00, )5
+ (24,0, + w2+ 28,0, + 280, )0d )5 + (02 + 02 ot
- [2§Ta)TS3 + (a)% +24,0; 2§Sa)S)S (2§Ta)Ta)S + 2§Sa)sa)r)9 + a’rws]

s'+(2¢r0r - 26,0,)+ 2 0 + 28,0, )

+ ((aﬁ -y )+ o;M + @y + (Zé,Twrzgsa’s - 2§TCOT2§S0)S)+ Zé/Ra)Tzé/Sa)S)yz
+ ((2§Sa)sa)ﬁ - 2g“sa)sa)ﬁ)+ 26 ;o005 + (2§Ta)ra)§ —~ 2§TwTw§)+ 2§Ra)ra)§)9
+ (o]0} - 01 )+ 0}

= 5t + (200 M + 28,0, )5 +(@02M + 0} + 200,28 00, )5 + (28 0307 + 28 0,08 s + 00}



Multiply the above by 2¢,@,s + @} :

(54 + (2§Sa)sj\7 + 24,0, )s3 + (a)éﬁ + a)f; + 200,28 0, kz + (24’86050),23 + 2§Ra)ra)§)s + a),zaa)é ) 28 w05 +
(s4 + (2§Sa)sj\7 +24 0, )33 + (wé]W +w; +2¢ 0,28 0, kz + (2§Sa)sa),§ + 2§Ra)Ta)§)y + a)ﬁa)é) w;

28, 0,5

+ (a)ﬁ + 24,0, (24’8605117 + 2,0, ))v“

+ (28,0, (@M + 0} + 2 0,28 40, )+ @2 (2 0 M +2£ 400, )5

+ (2§Ta)T (2§Sa)sa)§ +24 s, 08 )+ w; (w§A7 + o +26 0,28 0, ))s2

+ (¢ 0,000 + 0 (24 0,03 + 24 0,0

+ w0 o),
. X . X
The denominator of 1—>>7 (s) is the same as that of S (s).
sX sX

Thus the table force transfer function for a single translation DOF is:

F
L_(s) =1MT(2é’Ta)Ts+a)§)
S

A
. st (24“8608]\7 + 24,0, )s3 + (a)éﬁ + a)f; + 200,28 0, %2 + (2§Sa)sa)l,2a + ZCRa)Ta)é)s + a)fea);
st + (28,0, + 28 0 M + 2840, )5 + (0} + 02 M + 0} + (28 0, + 28 00, 24 s )5

+ (ZQ’Sa)S (a); + a)fe)+ (2¢,0, +2¢ 0, )a)é)y + (a)ﬁ +w; )co_?

Find the specimen velocity transfer function Sj((S ():
SA 4
The numerator of S))gs (s) is:

A

—a,b, = (2§Sa)ss + a)é) (ZQVTa)Ts + a)ﬁ)

(24,50)55 + a)é) 28,008 +

(2§swss + a)é ) a);
= 2,0,2¢ qogs” + (2§Ta)Tco§ + 2§Sa)sa)ﬁ)y + ;0]

Thus the specimen velocity transfer function for a single translation DOF is:

sX (5) = 28,0,8 g + (2§Ta)Ta)§ + 2§Sa)sa)§)y + w0,
sX , st + (2§Ta)T +26 oM +2¢ 0, )s3 + (a)ﬁ +wiM + w;, + (2§Ta)T + 24,0, )2§Sa)s)92

+ (2804 (@2 + @2 )+ (28,0, + 28 0, ) )5 + (@2 + @2 )



Fy

Find the specimen force transfer function % (s):
SA 4
F 1 2] | sX sX
$)=—M 2 ogs + 0 || —L(s) ——(s
v 0= Mk, S]LXA() SXA()}
F
= 55 (o= Lu oo + 02 G2bEab )
y s a) ) —dpdy

FS
sX

(s) 1s:

The numerator of

M (2§Sa)SS + a);) (anby +ayb;)
= M, (2§Sa)ss + a)é) (s2 +2L s + F — (24”5st + ! )) (2§Ta)Ts + a)%)
= M, (2§Sa)Ss + w; ) (2§Ta)Ts + a);)
= M (280,20 055 + (28 ,0,07 + 28 0,0 )5 + 020}

Thus the specimen force transfer function for a single translation DOF is:

i(s) 1 SZMS(2§Sa)Ss+a)§)-(2§Ta)Ts+a)§)

sX s st (ZCTa)T + 2{56052\7 + 2§Ra)T)s3 + (aﬁ + coé]\? + 0)1% + (ZQ’TwT + 24,0, )24’5608)32
+ (28040 + @)+ (28,0, +28 0, )b )s + (@ + @ o

. . ) ) ) . sX
Find the specimen velocity transfer function relative to table velocity, XS (s):
SA ¢
sX, (s) = ab,
sX, a1 ayy —apdy
sX g (5)=—— a,,b,
sX ),y — Ay
2
s sXs (5) = —— ay b, Ay — A0y, —dy 20,048 + O
sXr Ay —dpdy, apb, ay 5 +28 505 + @
) ) ) ) : F
Find the specimen force transfer function relative to table velocity, Y (s):
SA ¢

F, .6 X
S (5) =M= o5 = sM =8
sX sX sX




Motion and force transfer functions (single translational DOF)

SX_T(S)ZBTV(S) i(s)leZ{:(S)

sX A(s) sX s A(s)

Xy (g~ B By LB

sX A(s) sX s A(s)
where

A(s) =s* + (2§Ta)T + 2@”56051\7 + 2§Ra)r)y3 + (a)ﬁ + a)§]\7 + ao,ze + (2§Ta)T + 24,0, )2§Sa)5)92
+ (26505 (07 + 0} )+ (28,0, + 28 400, )02 )s + (02 + 02 Joo?

B (s)= (s2 +24 o5 + 0; XZCTa)TS + a)i)

=2¢,w,5" + (a)i + 2§Ta)T2§Sa)S)92 + (ZQ”TwTa); + 2§Sa)sa)%)y + 0,0}

Bl (s)= (2§Swss + a)é) (2§Ta)Ts + a)i)
=20,0,20 05" + (2§TwTa)52" + Zé/sa’sw%)y + ;s

BL(s)= M, (28,05 + 0?)
5t + (28 0 M + 28 00, )5 + (a)éﬁ +w; +2¢ 0,28 0, %2 + (24860560; + 2§Ra)Ta)§)s + w05
_Zé/Ta)TSS |
+ (2 +2¢,0,0¢ 0,0 + 26,0,
+ (ZQ’Ta)T (a;f]W + o, + 24 0, 2§Ra)T)+ 0?28 s, M +2£ 0, ))93
|+ (2§Ta)r (2§Sa)sa),§ + 2§Ra)ra)§)+ w; (a)éﬁ +w; +26 0,2 0, ))92
+ (2§Twra)12ea)§ + @; (2{5605&); + 2 0,005 ))9

2 _2_ 2
_+C()TCUSCOR

Bl (s)=s"M, (2§Sa)ss +w; ) (2§Ta)Ts + a)i)
= SZMS (2§TWT2§SQ)SS2 + (24}5‘)750; + 2§Sa’sa’?)s + a)ﬁa);)

The mass ratio is defined as

M=1+Ms
M

T

Relative specimen motion and force transfer functions (single translational DOF)

sX (5) = 2 wes + w;
sX, §*+2¢ o5 + w3
F X

S (s)=sM; oS

sX sX




Solutions to matrix equations

Solution to third-order matrix equation:

a, 4 dpy X by,
Ax=By = Ay Gy Gy || X, |=|Dy
Gy Ay Ay | | X by,

Ayly; — A3y
Q3,0y3 — dy Ay

Ay Gz, — A3 Ay

a3 di; — dppdsg
a, a3 — 4343

a3 4, —ayds,

b12 y
b22 yl
b32 :

a,a,;, —ana; | | by, by,
Ay @3 — ayay; || by by,

a4y —ayay, | | by b,

= x=A‘1By =

Solution to second-order matrix equation:

ay (a22a33 — dydsy ) - alz(a21a33 —dpdsy ) + 013(‘121‘132 - azza31)

Ax=By = 4y dp | X _ b, b, N
ay 4y | | X by, by | | ¥
Ay —dn| b, by,
_ —a a b b
—~  x=A lBy: 21 11 b1 22 y

ady; —apdy,



Physical System Force Equations

10

VTf/IAX
sXT(s) —>|>—

dof
controller
velocity
commands

10

V9T1/1AX
50, (s)—>l>—

egu-volts
units

.DT

conversion

Variables

D

Xlpax 2

D

ZlpAx °

D

Z2MaX°

TMAX

volts-egu
units
conversion

ay ()

a, (s)

A 4

- (S)+ CX]S+KX]
Xi(s)

Qy,(s)

A 4

T
XL](S)t@_yC s+ K
Z1 Z1
XZTI(S) B

X5, () +

displacement egu-volts
jacobian units

matrix conversion

T
OMax VGMAX

e

Xlpux

%

Z1pax

V.

Z2MAX

controller jacobian

Actuator servovalve commands:

servo-
valve
cmds

Actuator oil spring displacement
Actuator displacement

Actuator damping
Actuator spring constant

T
T 10
O[Xl(s):DﬂT—SXZ(S)"'er
yax " Tvax
T

o 10
a21(s):rzlﬂ T 50,(s)

Zlax " Ovax

D, 10
azz(s)zrzzﬂr—seA(S)

Z2vux - Owmax

Actuator oil spring displacements:

Ay

T (s) = VXIMAX

10

1

1

Y

C,s+K,,

) e — > F.(s)
dof
forces
Ja(s) =y TTT(S)
J72(8)

actuator displacement

D
D—T—SGA(S)

Vi
ay (s) = —4

10 s

actuators

Fullscale table translation and translational velocity units

Fullscale table rotation and rotational velocity units

T

SXT(s) 4 ryy —se 10 ()

actuator *

forces

Vertical distance from table origin to horizontal actuator X1 (same as 7;,)
Horizontal distance from table origin to vertical actuators Z1 & Z2

Fullscale horizontal actuator translation and translational velocity units
Fullscale vertical actuator translation and translational velocity units

Fullscale vertical actuator translation and translational velocity units

Xy Ovax




T

T

D
— Xiﬂ (s) = Tvax XZI_MAX Xi(s)_i_er Ovax XZI_MAX 0,(s)
Dy bax " Tvax Xy Ovux
V. V. ,
X7, ()=t Ly o =T 1y Do 10 ()
10 10 & DZIMAX VHMAX
T
= Xgm () =ry Puay ;lTMAX 0,(s)
Zimax 7 Omax
V. V. D!
X7 ()= Lo ot ) Doue 10 )
10 10 s DZZMAX VHMAX
T
= X, (5) = 1y, A TG (s)
Z2MAx V'9MAX
Actuator feedbacks:
X)Tm(s) = XTT(S) + 74,0, (s)
XZTI(S) =1,0;(5)
Xsz(S) =1,,0;(s)
Actuator forces:
fa@=[Cos+ K] |[X], (5)- X))
T DT
T X1 0 X1
= le(S):[CX1S+KX1]' MAX TMAX Xﬁ(S)Jerl X TMAX GA(S)_(XJY:(S)—'_FXIQT(S))]
yax " Tvax Xy Ovax
TTMAX Myux 1 T ‘9TMAX Vi Uvax
= le(S):[CX1S+KX1]' D T X, ()= X7 (s)+ry D T 0,(s)—0.(s)
| Mvax Tuax Xyux " Omax

Jals)= [C21S + K21]' [XZZI

= fals)= [C21S +K21]'|:V21

= fu(s) :rz1[C21S+K21]'{

()= X1, (s)]

J22(8) = [szs +K22]' [ijz

= fn(s)= [szs + Kzz]'{rzz

D) v
M%HA(S)—%@T(S)}

Z1 MAX HMAX

T
OMAX VZ Lymax
yr

OMax

0,(s)~ 0, (S)}

Z1pax

()= X21,(s))]

T
0 Z2
Mwﬂxu)—rn@(@}
Z2pmax " Omax



T

0 72
= fzz(s):rzz[czzs+Kzz]' X TMAX 0,(s)—0,(s)
Zvux Omax

The actuator forces above can be simplified by noting that it is usually the case that

T DT %

Twax  “yax o %max Xlaux 1
T D T

Xyx " Thyax yx 7 Ovax

N 4

Ovax | Clvux o Ofmax | Plwmux 1
T D T

Zhyax  Ovax Z29ux - Ovaux

yielding
Sa(s)= [CXIS + KXl]' [Xg(s) - X;(S) + er(eA(s) - eT(S))]
Sn($)=ra[Cris + K, ]-[0,() = 0,(9)]

S7a(8) = rzz[szS +K22]' [QA(S) _97(5)]

Linear DOF force F}(s):
F.(s)= fy
= F(s)= [CXIS + KXl]' [X/Tt(s) _XTT(S) + er(HA(S)_HT(S))]

Noting that the vertical distance from table origin to horizontal prime mover is computed as

~Vyr =1y =Ty

and the linear DOF damping and spring constants at the CG as a function of actuator damping and spring
constants are computed as

Ci=C,| and |KS =K,

the linear DOF force is therefore

Fo(s)=|Cls+ KZ || X7 (s) = X7 (5) =7, (0,(5) — 6,(s)))

which is exactly the F,(s) force equation in the Equations of motion at the table origin section.

Rotational DOF force T (s):

TTT(S) =S 1 (8) + 15071 (8) + 75,0 75(s)



TTT(S) = er[CXl‘S + K)(l]' [X,Z(S) _X]Y:(S) + er(eA(S) - GT(S))]
= +rzzl[cms+K21]'[6A(S)_9T(S)]
+17[Cl0s + K01 [0,(5) = 6,(5)]

T (5) = ru[Cos + K - [X ()~ X1 (s)]
+ 7 [Cris + K, ]6,(5) = 6,:(9)]
+15[Crs+ K] [0.,(5) = 6,:(9)]

+ rzzz[czzs + Kzz]' [‘9,4(5) - 07(5)]

- TTT(S) = [(V;ICXI + r221C21 + ”Zzzczz)g + (r)?lKXl + r221K21 + rzzszz)]' [9/1 (s)— QT(S)]
+rX1[CX1S+KXI]'[XZ(S)_XZY:(S)]

Noting that the vertical distance from table origin to horizontal prime mover is computed as

—Vyr =Ty =Ty

and the linear and rotational DOF damping and spring constants at the CG as a function of actuator
damping and spring constants are computed as

Cy=C,,| and |K; =K,

G _ 2 2 2 G _ 2 2 2
CeT =16Cx +71,Cy +1,,C,| and Ke,‘ =16 Ky + 1K, + 1K),

. 2 2 2 2 2 2 .
find expressions for r,C,, +r,,C,, +1,,C,, and ry K, +r, K, +7,K,,:

r)?ICXl + rzzlcm + rzzzczz

= rjrcm + 7”221C21 +r222C22

= rAzGCXl + 7’221C21 + rzzzczz + roCX1 _erC)n
= (rjcc)m +77,Cyy + ”zzzczz)_ (ch — iy )CXI
= CgT _(er _ro)Cf

2 2 2 G 2 2 \~G
= 1 Cyy +1,Cy +15,Cy = CHT _(VAG _rAT)CT

Likewise,

2 2 2 G 2 2 \ G
oKy + 1Ky +1,K 5, = Ker - (rAG _rAT)KT

The rotational DOF force is therefore

() =c - —ri Jes b+ (kg -k -2 KE ) 10.4() - 0, ()] -7 CFs + K2 T [X () - X[ (9)]

which is exactly the T} (s) force equation in the Equations of motion at the table origin section.
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